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We consider the role of the zero-point energy of a quantum field in cosmology and show that
the flow of trans-planckian momenta due to redshift acts as a source for this energy, regularized
with a cut-off Λ in physical momenta. In order to fulfill Bianchi identity, we generalize Einstein
equations, and discuss the corresponding Friedmann homogeneous and isotropic models. In case
of a de Sitter phase, such as during inflation, the solution shows a logarithmic behaviour of the
Hubble parameter, and a primordial spectrum of scalar perturbations characterized by the spectral
index ns = 1 − Λ
2/(3pim2P ) with mP the Planck mass. We also discuss possible implications of
the scenario on late accelerating stage of the Universe at small redshifts, and the emergence of a
fluid characterized by an equation of state w = P/ρ = −1 + Λ2/(9pim2P ). Primordial perturbation
spectrum and dark energy parameter w are thus, predicted to be connected by the simple relation
w = −(2 + ns)/3.
I. INTRODUCTION
Despite of the remarkable success of Einstein the-
ory of gravity applied to the evolution of the Universe,
namely the homogenous and isotropic cosmologi-
cal Friedmann-Robertson-Walker-Lemaˆıtre (FRWL)
model as well as the dynamics of perturbations which
give rise to all present observable structures, yet its
two extreme energy density regimes in the ultraviolet
(UV) and infrared limit are still puzzling. Indeed, a
fully satisfactory quantum theory of gravitational in-
teractions at the Planck scale is still lacking. On the
other hand, the observation of a recent accelerating
phase in the expansion of the Universe from SN-Ia lu-
minosity distance [1, 2] seems to require that the lead-
ing contribution to the energy density budget today
is provided by an unknown dark energy component,
whose equation of state at low redshifts is very close to
that of a cosmological constant, see e.g. [3]. This com-
ponent has been modelled in quite a large varieties of
ways as, just to quote few main examples, scalar field
dynamics [4] (as during inflation) or generalization of
Brans-Dicke theories, see e.g. [5] .
The role of zero-point fluctuation of a quantum field
has been usually emphasized as a possible source for
the cosmological constant [6, 7], but this introduces a
severe hierarchy problem, as its expected value of the
order of Λ4 with Λ a cut-off in physical momenta, is
larger by several orders of magnitude than the value
of the critical energy today ρ0cr. For Λ ∼ 1 TeV we
have already a too large result, Λ4 ∼ 1060ρ0cr.
In a recent paper [8] it has been pointed out that in
analogy with the definition of mass in the Arnowitt-
Deser-Misner approach [9] , the Λ4 contribution which
is already present in Minkowski spacetime, should be
subtracted in order to get the corresponding value
in an expanding spacetime. With this procedure the
zero-point contribution results to be
ρv =
1
4pi2
∫ Λa
0
dy y
H2(t)
2a2
=
H2(t)Λ2
16pi2
, (1)
with y the comoving momentum, H(t) the Hubble pa-
rameter and a the scale factor of the FRWL metric,
while the corresponding pressure Pv satisfies an equa-
tion of state which depends upon the particular phase
of the evolution. In fact, Pv = −ρv/3 in a de Sitter
universe, Pv = 2ρv/3 during matter domination (MD)
and finally, Pv = ρv in a radiation dominated (RD)
cosmological model. These results hold (at least) for
ρv representing a sub-dominant component to the to-
tal energy density budget, so the equation for modes
contributing to ρv and Pv can be evaluated on a given
background (de Sitter, RD or MD).
This finding gives rise to somehow a paradox 1 when
one compares the expected behavior of ρv as given by
Eq. (1) with the covariant conservation of the energy
momentum tensor
T abv = diag(ρv, a
−2Pv, a
−2Pv, a
−2Pv) . (2)
Consider for example the case of MD Universe. Since
ρv ∝ H2 one gets ρv ∼ a−3. On the other hand
∇aT a0v = ρ˙v + 3H
(
ρv +
2
3
ρv
)
= ρ˙v + 5Hρv , (3)
which would rather imply for ∇aT a0v = 0, ρv ∼ a−5.
A way out to this apparent contradiction is to assume
that the zero-point energy density is fueled by a source
Jb, and T abv satisfies the equation,
∇aT abv = Jb , (4)
with, during MD, J0 = 2Hρv, while the spatial com-
ponent J i vanish in a homogeneous and isotropic cos-
mological model. This point has been noticed in [8],
where as a possible solution an (ad hoc) coupling
of zero-point energy-momentum tensor to the other
1 Indeed, the same problem also holds when considering the
flat space-time standard term ρv ∼ Λ
4, as we discuss below.
2species (matter, radiation) as been invoked, so that
still the total T ab is covariantly conserved. We note
that the same result for J0 just shown also holds in
a de Sitter stage or during RD epoch, so it seems a
peculiar property of the zero-point energy density, re-
gardless of the background evolution.
Also in view of this last consideration, we would like
to study another possibility, namely that, once we con-
sider the theory regularized with a finite cut-off Λ on
physical momenta the vacuum energy is sourced by
the flow of those modes which, due to the expansion
of the Universe, become smaller than Λ per unit time
or, in a slightly different perspective, to the effect of
creation of modes of order of the cut-off Λ at a given
time. The rationale under this approach is that since
we can only write our gravity field equations as an
effective classical theory which holds for modes with
wave-number smaller than Λ, one should always con-
sider this theory as corresponding to an open system,
and study whether the effect of higher modes might
influence the low energy theory when they are red-
shifted to lower values, smaller than Λ.
One might argue that cut-off regularization breaks
Lorentz invariance and usually renormalization in
curved background is performed with different meth-
ods [10–13] (see also [8]), whose aim eventually, is
to consistently remove divergent terms in the expres-
sions of the energy momentum tensor. On one side,
it should be noticed that for the particular case of
cosmological models we are interested in, Lorentz in-
variance is broken anyway by the fact that there is
indeed, a preferred (comoving) frame, so that our dis-
cussion in the following will be always performed in
this frame. On the other hand, we notice that our ap-
proach, as we will discuss in the next Sections, leads to
predictions which might be testable in the near future,
which ultimately is the goal of any physical theory.
II. THE FLOW OF TRANSPLANCKIAN
MODES AND EFFECTIVE EINSTEIN
EQUATION
Let we illustrate our argument for the standard
ρv ∼ Λ4 contribution. In full generality, for any distri-
bution function in phase space f(P, t) describing exci-
tations of a quantum field, the corresponding energy-
momentum tensor can be written as (the number g of
internal degrees of freedom, such as helicity is set to
g = 1, the generalization to any g being straigthfor-
ward)
T ab =
∫
d4P
(2pi)3
√−gf(P, t)δ(P 2 +m2)P aPb , (5)
with the δ function enforcing mass shell condition, and
the four vector P a is defined as P a = mdxa/dλ, xa
being the coordinate and λ the affine parameter. They
satisfy the condition, gabP
aP b = −m2. If we define
the physical momentum and energy as p2−E2 = −m2
so that pi = aP i in a FRWL spacetime, then integrat-
ing over P 0 one gets
T ab =
∫
d3p
(2pi)3
f(p, t)
P aPb
P0
. (6)
Recall that from geodesic motion, physical momentum
p redshifts as 1/a, P i as 1/a2 and the comoving mo-
mentum yi = gijP
j keeps constant with expansion. In
the particular case of the zero-point energy, f = 1/2
− T 00 = ρv =
1
4pi2
∫ Λ
0
p2E(p)dp , (7)
T ij = δ
i
jPv = δ
i
j
1
4pi2
∫ Λ
0
p2
p2
3E(p)
dp . (8)
By changing the integration variable from pi to yi =
api we have
− T 00 = ρv =
1
4pi2
a−4
∫ Λa
0
y2E(y)dy , (9)
T ij = δ
i
jPv = δ
i
j
1
4pi2
a−4
∫ Λa
0
y2
y2
3E(y)
dy ,(10)
where E(y) = (y2 + m2a2)1/2. As we are interested
in the UV behavior we can neglect in the following
the mass m of the field. In this case Pv = ρv/3. The
covariant derivative of the energy-momentum tensor,
using that yi is comoving gives for the 0-component
∇aT a0 = −4Hρv + 3H(ρv + Pv) +H Λ
4
4pi2
, (11)
so the first two terms cancel as usual, as Pv = ρv/3,
but to compensate the last term, which comes from
time derivative of the upper integration limit and thus,
to fulfill conservation of T ab, one needs to include a
source term J0 = Λ4H/(4pi2) in the right-hand side
of the conservation equation
∇aT a0 = J0 . (12)
This source term is provided by modes which become
smaller than the cutoff with expansion. The incoming
flow is in fact, given by the opposite of the energy
density of modes with p = Λ, which leave the trans-
Planckian region per unit time
− 1
4pi2
Λ3dp = − 1
4pi2
Λ3
dp
dt
dt = H
Λ4
4pi2
dt . (13)
If we use Eq. (7) we see that the energy density sup-
plied per unit time is J0 = 4Hρv. Thus, with a cut-
off regularization, we recover the result that the zero-
point energy behaves as a cosmological constant, as it
is sourced at all times by high modes which become of
order Λ in the time interval dt and whose contribution
exactly compensate the effect of redshift on the sub
cut-off modes p < Λ in the same dt. Yet, its equa-
tion of state is as for radiation, P = ρ/3 [14], but
3there is no contradiction between these two features,
as long as one assume that the covariant conservation
of energy and momentum is provided by (12).
Notice that a similar source term would be also
present for a thermal bath of excitations with tem-
perature T . For T < Λ this effect is however expo-
nentially suppressed
J0 =∼ H
2pi2
Λ3E(Λ)e−E(Λ)/T . (14)
A similar result also holds if we consider ρv once the
flat space contribution has been subtracted, see Eq.
(1). In this case in fact, we get
J0 = H
H2Λ2
8pi2
= 2Hρv , (15)
which is the value we already found in the MD case,
see Eq. (4) and discussion below it.
Indeed, as we mentioned already, Eq. (4) also gives
the correct behavior of ρv regardless of the particular
expansion phase we consider. To make a further ex-
ample, during a de Sitter stage ρv ∼ const and from
(4) we find
ρ˙v + 3Hρv
(
1− 1
3
)
= J0 = 2Hρv , (16)
so that ρv = const.
The picture which emerges from these considera-
tions is that if we consider the regularized energy mo-
mentum tensor with a finite cut-off T ab(Λ) the result-
ing effective theory does not correspond to an isolated
system, as the degrees of freedom larger than Λ act as
a source due to momentum redshift. This fact enforces
a modification of standard Einstein equations, since
by Bianchi identities the Einstein tensor Gab satisfies
∇aGab = 0, while ∇aT ab(Λ) 6= 0. If we keep on defin-
ing by Gab the usual expression, the effective Einstein
equations after cutting modes larger than Λ starting
from the (unknown) quantum theory of gravity can
be written as, by general covariance
Gab +Σ
(Λ)
ab = 8piGT
(Λ)
ab , (17)
with Σ
(Λ)
ab a 2-tensor satisfying
∇aΣab(Λ) = 8piG∇aT ab(Λ) ≡ 8piGJb . (18)
In general, Σ
(Λ)
ab can be written in terms of the met-
ric, Ricci tensor etc., in a way which of course is not
known as we ignore the UV completion of the low
energy theory. In the following, we consider the sim-
plest case, very close to the innocent introduction of a
cosmological constant by Einstein himself. In partic-
ular, for the homogenous and isotropic models we are
interested in, we assume
Σ
(Λ)
ab = σ
(Λ)(t) gab , (19)
where gab is the standard FRWL metric so that Eq.
(18) for b = 0 gives
− σ˙(Λ) = 8piGJ0 . (20)
Notice that for the standard case, which as we already
mentioned holds for fluids characterized by thermal
excitations such as photons, electrons, etc,, with tem-
perature T < Λ we have Jb ∼ 0 and σ(Λ) = const., i.e.
the standard Einstein cosmological constant term.
Using the expression for J0 of Eq. (15) (we notice
again that we have for the spatial components J i = 0
from isotropy), the Friedmann equation now reads
H2 =
8piG
3
(
ρ+ ρv − 2
∫ a da′
a′
ρv
)
, (21)
with ρ the standard contribution of matter, radiation
and during inflation, the fields driving this expansion
stage.
III. RESULTS FROM THE GENERALIZED
FRIEDMANN EQUATION
We start considering a de Sitter Universe, such
as during the inflationary stage. If ρv represents a
sub-dominant contribution, we have from (16) that
ρv =const. Let us consider the role of ρv as a small
perturbation to H . From Eq. (21) one gets
H2 =
8piG
3
[
ρdS + ρv
(
1− 2 log a
a0
)]
, (22)
with a0 some initial value for a and with ρv << ρdS.
Thus, the Hubble parameter has a logarithmically de-
creasing dependence on the scale factor. We define
κ =
GΛ2
6pi
=
Λ2
6pim2P
, (23)
with mP the Planck mass. As Λ is expected to be
at most of the order of mP , this parameter is a small
number, κ ∼ 0.05 for Λ = mP . Notice that from the
expression of ρv, κ also gives the ratio ρv/ρdS. Using
(1), Eq (22) can be rewritten as
H2 =
8piG
3
ρdS
(
1− 2κ log a
a0
)
, (24)
having rescaled the (arbitrary) initial parameter
ρdS → ρdS(1− κ).
It is worth noticing that this result requires a con-
sistency check. Indeed, the equation for the modes φp
which contribute to ρv
φ′′y + 2
a′
a
φ′y + y
2φy = 0 , (25)
with the prime denoting derivation with respect to
conformal time η, should be solved self-consistently
4in the background of both the ρdS component and ρv
itself, while we assumed ρv as in (1), with H = const.
In other words, we have to verify that ρv behaves as ∼
H2 also when the Hubble parameter is slowly varying
as in (24), as well as that the source term is given by
J0 = 2Hρv. Only in this case the picture at order κ
is fully consistent.
To this end, we start by considering the expression
of the scale factor for small κ
a(η) = −1 + κ
ηH0
(
η
η0
)
−κ
, (26)
with η0 some initial value of the conformal time and
H0 = H(η0). From this expression we get a
′′/a =
(2 + 3κ)η−2 and the solution of Eq. (25) is
φ(κ)y (η) =
ψ(κ)(yη)
a(η)
= i
√
pi
2
√
yη
[
iJ3/2+κ(yη)+
+ Y3/2+κ(yη)
] 1
a(η)
, (27)
with Jλ (Yλ) the first (second) kind Bessel function.
The normalization has been chosen so that for κ = 0
we have the standard Bunch-Davies vacuum definition
for η → −∞
φ(0)y =
1
a(η)
(
1− 1
yη
)
e−iyη . (28)
The well known expression for the energy density
ρv =
1
2
∫ Λa
0
d3y
(2pi)32y
(
|φ˙(κ)y |2 +
y2
a2
|φ(κ)y |2
)
, (29)
can be worked out as follows. If we define the adimen-
sional variable s = yη, we find
ρv =
1
8pi2
(
η
η0
)4κ
H40
(1 + κ)4
∫ S(η)
0
ds s3 P(κ)(s) ,
(30)
with
S(η) = − Λ
H0
(1 + κ)(η0/η)
κ , (31)
P(κ)(s) = (−s)−2(1+κ)
×
(
|dΨ(κ)(s)/ds|2 + |Ψ(κ)(s)|2
)
, (32)
where finally,
Ψ(κ)(s) = ψ(κ)(s)(−s)1+κ . (33)
For small κ Eq. (30) can be evaluated almost entirely
in an analitic way, making use of the known expression
of ψ(0)(s), see Eq. (28), and at first order in κ one
obtains the result
ρv =
Λ4
16pi2
+
Λ2H2(η)
16pi2
+
Λ4
16pi2
O(κ2) , (34)
with H(η) given by (24). The last term correspond to
the contribution
1
8pi2
H40
∫
−Λ/H0
0
ds s3P(κ)(s)− Λ
4
16pi2
, (35)
and can be checked numerically that is of order κ2.
After subtraction of the Λ4 term, we see that the
evolution of the vacuum energy density is ρv ∼ H2(η).
It is also quite immediate to check using the defini-
tion of J0 given in Eq. (15) that still J0 = 2Hρv,
and therefore, our scenario seems quite self-consistent.
We can now use our results for H(a) to evaluate
the spectrum of scalar perturbations produced during
a de Sitter phase, which is usually parameterized as
P (k)k3 ∝ (k/k0)ns−1 , (36)
with k0 some reference momentum. The amplitude of
perturbations with (comoving) momentum k can be
estimated as proportional to the value of the squared
Hubble parameter at horizon crossing, k = aH , which
gives
P (k)k3 ∼ P (k0) k30
(
1− 2κ log k
k0
)
. (37)
From observations we know that the primordial per-
turbation spectrum is very close to the flat Harrison-
Zeldovich limit. For example, the WMAP Collabora-
tion finds ns = 0.963±0.012 (68% CL) [3]. Expanding
(36), from (37) we therefore gets
ns ∼ 1− 2κ = 1− Λ
2
3pim2P
, (38)
which using the result quoted above translates into
the result Λ ∼ (0.5÷ 0.7)mP .
Notice that if we have in general N massless scalar
fields the value of Λ from (38) changes as Λ→ Λ/√N
(massless, or very light fermions and gauge bosons do
not contribute to ρv by conformal invariance, once the
flat space contribution has been subtracted). In the
most conservative case N = 1 (the Standard Model
Higgs field) and also including the contribution of the
two polarization states of the gravitons we find only a
slightly lower results Λ ∼ (0.3÷ 0.4)mP .
Similarly, one can also estimate the running with k
of ns, dns/d log k defined as [15]
P (k)k3 ∝ (k/k0)ns(k0)−1+ 12 log(k/k0)dns/d log k , (39)
which is therefore, expected to be of the order of κ2
in our model. We recall that observations are fully
compatible with a constant ns [3].
Summarizing our results, we see that the tilt
of primordial perturbations may be the imprint
of the role of trans-Planckian mode flow which
contribute to the zero-point energy density, while
in the standard scenario, it is rather due to the
5slow rolling down of the inflaton field during the
inflationary phase. The fact that ns is so close
to unity, yet significantly different than unity, for
dns/d log k ∼ 0 [3], would be a signature of the fact
that the UV cutoff scale is of the order of Planck mass.
We now study the behavior of Eq. (21) in a RD
and MD cosmologies. In these cases the leading term
in the Hubble parameter is
H ∼ a−2, (RD) , (40)
H ∼ a−3/2, (MD) , (41)
which are easily recovered in the case ρv is very small
and substituting its expression, see Eq. (1) with H as
above. The Friedmann equation can be also rewritten
in the form
(1− κ)H2 = 8piG
3
ρR,M − 2κ
∫ a da′
a′
H2 . (42)
Differentiating this equation with respect to a, apart
from the behaviours of Eq.s (40) and (41), we notice
that it admits also the following solution, which sat-
isfies the corresponding homogeneous equation
H2 = A a−2κ/(1−κ) , (43)
with A a constant. As long as this contribution is very
small, compared to radiation/matter energy density,
we thus expect the following behaviours
H2 =
8piG
3
(
ρR
1− 3κ/2 +A a
−2κ/(1−κ)
)
(RD) , (44)
H2 =
8piG
3
(
ρM
1− 5κ/3 +A a
−2κ/(1−κ)
)
(MD) .(45)
The expansion is thus driven by two fluids, an or-
dinary radiation/matter term, with an energy density
which can be adjusted to match the measured value
ΩM and ΩR by rescaling ρR → ρR(1 − 3κ/2) and
ρM → ρM (1−5κ/3) and a new contribution whose ef-
fective equation of state parameter w = P/ρ in terms
of κ is given by
w = −1− 5κ/3
1− κ ≃ −1 + Λ
2/(9pim2P ) . (46)
Since κ is small, we see that this new term plays the
role of a cosmological (almost) constant. Indeed, for
Λ = mP we have κ ∼ 0.05 and w ∼ −0.96.
The result of (46) is quite intriguing, showing the
interplay of UV physics, represented by the cut-off
scale Λ, and the late and much lower energy regime
of the expansion of the Universe, characterized by the
emerging role of a tiny cosmological constant. Again,
as in the case of scalar perturbation spectrum in de
Sitter phase, the fact that w is so close to unity is due
to that fact that Λ ≤ mP .
Notice that since for small A and decreseasing a the
last term is increasingly smaller than radiation and
matter, we expect that the radiation-matter equal-
ity redshift would be basically unchanged, as well as
the whole dynamics of structure formation and Cos-
mic Microwave background anisotropy peaks. Simi-
larly, during RD there are no particular new features
in the expansion behavior, thus we have no bounds on
κ from, say, Big Bang Nucleosynthesis [16].
It would be tempting to interpret the late time
behavior of Eq. (45) as a possible solution for the
present accelerating phase of the Universe expansion,
by choosing the constant A of the correct order of
magnitude such to reproduce the observed value of
ΩΛ ∼ 0.75 today. Unfortunately, since A should be
tuned as A ∼ ρ0cr, we cannot presently give a simple
explanation of the coincidence problem. Notice that
when ρv starts dominating the energy density, the ex-
pansion behaves as in an (almost) de Sitter model.
From our previous analysis, see Eq. (34), it follows
that the behaviour H ∼ a−2κ is a consistent solution,
since ρv ∝ H2, as well as J0 = 2Hρv.
IV. CONCLUSIONS
In this paper we have considered some possible cos-
mological effects of the zero-point energy density ρv.
Regularizing its contribution with a momentum cut-
off Λ, we have emphasized the role of flow of trans-
planckian modes which become smaller than Λ per
unit time due to redshift in order to obtain a con-
sistent time behaviour of ρv. They act as an energy
density flow for an effective a´ la Wilson low energy
gravity theory, which calls for a modification of Ein-
stein equations in order to fulfill Bianchi identities.
In a homogenous and isotropic Universe we have
considered the corresponding Friedmann equation and
studied the Hubble parameter behaviour when the ef-
fect of ρv is considered at first order in the parameter
κ = Λ2/(6pim2P ). The value of κ is expected to be
small as long as the cut-off scale is smaller or of the
order of the Planck mass scale, where indeed large
quantum gravity effects are expected to be quite rele-
vant.
Interestingly, the UV parameter κ seems to leave
its imprint in the Universe evolution. In particular,
we have pointed out how the spectral index ns of pri-
mordial perturbation produced during the inflation-
ary epoch may be simply related to κ as ns = 1− 2κ,
and how the late accelerating phase of the Universe
for small redshifts z ≤ 1 could be explained in terms
of the contribution of ρv. The latter gives rise to an
energy density contribution characterized by an equa-
tion of state w = P/ρ = −1+2κ/3 = −1+Λ2/(9m2P ),
showing an intriguing interplay of UV physics with the
low energy behaviour of the Universe evolution. These
two results can be combined in a relationship between
these two parameters, namely w = −(2+ns)/3, which
in the standard case are in general, unrelated.
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